Abstract-A derivation of metamaterial blueprints for the reflectionless (perfectly matched) guiding of electromagnetic waves through waveguide bends is performed. The sensitivity of the response with respect to small perturbations in the associated constitutive tensors is examined.
I. INTRODUCTION
W E derive metamaterial blueprints for the reflectionless guiding of electromagnetic waves through waveguide bends. The derivation employs a fundamental property of Maxwell's equations that allows for a continuous transformation on the metric of space to be made equivalent to a change in the material tensors. This "metric invariance" property of Maxwell's equations has long been known [1] - [6] , and it is best expressed using exterior differential forms [6] , [7] . Motivated by recent advances in metamaterials fabrication, this property was recently explored for cloaking [8] - [10] and masking [11] , [12] of scatterers, and waveguide miniaturization [13] .
The metamaterial blueprints are obtained here using a bijective coordinate transformation that allows for all waveguide modes to be guided without any reflection or cross-coupling through the bend (perfect matching). Finite-element simulations are carried out to demonstrate the proposed functionality and examine its sensitivity to small perturbations.
II. METRIC INVARIANCE OF MAXWELL'S EQUATIONS
We denote the original (Cartesian) system as and the transformed system as , related by a Jacobian transformation [10] , [14] where is the curl operator in the system. A general linear media with and tensors is assumed. As shown elsewhere [7] , [10] , [14] , the following equations result in the system:
where is the determinant of the Jacobian. In the system, the above recovers the generic form of Maxwell's equations, but now on a medium with modified tensors (5) III. WAVEGUIDE BEND TRANSFORMATION The coordinate transformation employed here is shown in Fig. 1 for a parallel-plate waveguide along with bending in clockwise direction, without loss of generality. The bending has radius of curvature . The required transformation is for
for (8) (6)- (11). The points K , L and M in the (u; v; w) system are mapped to P , Q and R in the (x; y; z) system, respectively.
IV. RESULTS AND DISCUSSION
We demonstrate the proposed functionality for a two-dimensional problem. A close-up of the parallel-plate waveguide bend is depicted in Fig. 2 . The waveguide is filled with air in the straight sections and with the metamaterial blueprint given by (5), (6)- (11) in the bend (colored section in Fig. 2 ). We assume waveguide thickness 4 1.5 cm, bending angle of 135 and radius of curvature 0.8488 cm. The bending section starts at 10 cm. All simulations are carried out directly in the time-domain [15] . The source is a -directed magnetic dipole excited by a Blackman-Harris pulse derivative 0.488 2 0.290 4 0.031 6 for 0 and 0 otherwise, where is the speed of light in vacuum. Two particular excitations are considered. For the first excitation, the central wavelength is 6 cm (5 GHz), and source and probe are placed at mid-height in the waveguide along the direction, and at 0.2 cm and 9.5 cm along , respectively. In this case, only the mode (TEM-like) propagates in the parallel-plate waveguide. For the second excitation, the central wavelength is chosen as 3 cm (10 GHz), and source and probe are placed at 3, so that both and propagating modes are produced. Although the above coordinate transformation is applied for all points 10 cm (see Fig. 1 ), the metamaterial blueprint exists only in the bending region because the transformation becomes a pure rotation beyond the bending region. A pure rotation of a isotropic material yields the same material parameters in (5) . Fig. 2 shows the (anisotropic) permittivity tensor distribution in the bending, where permittivity values (eigenvalues) along the first and second principal directions (eigenvectors) are indicated by the color map. From (5), a similar distribution exists for the permeability tensor. The convention here associates the first principal axis with the larger eigenvalue so that although there is a mathematical discontinuity present in the radial and azimuthal directions in Fig. 2 , the physical behavior is continuous. Note that the permittivity becomes larger close to the center of curvature (coordinate squeeze) and lower away from it (coordinate stretch). The total and reflected field values at the probe location are plotted in Fig. 3(a) for (1) bent waveguide with no metamaterial, (2) bent waveguide with metamaterial, and (3) straight waveguide (as a reference). Two further simulations with slightly perturbed tensors are performed to examine the sensitivity of the response. This is done by employing coarser meshes where the tensors are modeled by different numbers of piecewise constant material blocks, 4837 and 1597 (note the original finite-element mesh has 8050, where each element effectively acts as a material block as well). Fig. 3(a) shows that the bent section with metamaterial loading does not produce any reflections above 70 dB under excitation, and that both coarsely distributed cases are also effective in supressing reflection. Fig. 3(b) shows the performance under combined , excitation. Again, the metamaterial is highly effective in supressing reflections, but the results are more sensitive to the coarsening of the distribution, especially for frequencies closer to the cut-off (lower phase velocities), which contribute to the late time response. Fig. 4(b) and (c) show snapshots of at 0.58 ns for the original waveguide with and without metamaterial loading. The incident signal is shown at in Fig. 4(a) . While the signal distortion due to the bending is clearly visible in Fig. 4(b) , it becomes negligible with insertion of the metamaterial loading in Fig. 4(c) . For visualization purposes, only the case is plotted (dispersionless mode). The (spectral) average for the parameter in Fig. 4(b) and (c) is 16 dB and 255 dB (finer mesh), respectively.
The above discussion has been concerned with the derivation of metamaterial tensors at the "blueprint level" [16] only. We have not discussed aspects of the physical realizability, but it is important to point out here some fundamental limitations. As shown in Fig. 2 , the magnitude of the permittivity eigenvalues varies between 0.1 and 8.5 . A similar demand is posed on the permeability tensor. This implies a (intrinsic) phase velocity above , which is admissible only if the material tensors are frequency dispersive, and hence lossy as implied by Kramers-Kronig relations [16] . Since the material blueprints considered here are frequency independent, the above implies that any physical realization based on them is necessarily narrrowband and has a performance limited by losses . This limitation is also present in cloaking and masking metamaterial blueprints [8] , [11] , [12] , [17] .
